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Abstract
Let {gt}t∈[0,T ) be a family of complete time-depending Riemannian matrics on a manifold
which evolves under backwards Ricci flow. The Itoˆ formula is established for the L-distance of
the gt-Brownian motion to a fixed reference point (L-base). Furthermore, as an application,
we construct a coupling by parallel displacement which yields a new proof of some results of
Topping.
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1 Introduction and main result
Let M be a d-dimensional differentiable manifold carrying a complete backwards Ricci flow
{gτ}τ∈[0,T ), 0 < T ≤ ∞, i.e. a smooth family of Riemannian metrics solving the nonlinear PDE
∂gτ
∂τ
= 2Ricτ , (1.1)
such that (M, gτ ) is complete for all τ ∈ [0, T ), where Ricτ is the Ricci curvature induced by
the metric gτ . According to Perelman [9], for 0 ≤ τ1 < τ2 < T , Perelman’s L-length of a
differentiable path γ : [τ1, τ2]→M is then defined by
L(γ) :=
∫ τ2
τ1
√
τ
[|γ˙(τ)|2τ +R(γ(τ), τ)]dτ,
where R(x, τ) is the scalar curvature at x ∈ M w.r.t. the metric gτ . Define the L-distance
between two points (x, τ1) and (y, τ2) by
Q(x, τ1; y, τ2) = inf {L(γ)|γ : [τ1, τ2]→M is smooth and γ(τ1) = x, γ(τ2) = y} .
Note that the L-distance can be negative, and it is in general not a real distance. But it reduces
to the Riemannian distance in the sense that
lim
τ2↓τ1
2(
√
τ2 −√τ1)Q(x, τ1; y, τ2) = ρ2τ1(x, y),
where ρτ1 is the Riemmannian distance with respect to gτ1 .
In this paper, we want to use the comparison theorem to analyze the behavior of the gt-
Brownian motion. Let ∇t and ∆t be the Levi-Civita connection and the Laplace operator asso-
ciated with the metric gt respectively. Let F(M) (resp. Ot(M)) be the (resp. gt-orthonormal)
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frame bundle. Let p : F(M)→ M be the canonical projection. Set (ei)di=1 be the orthonormal
basis on Rd. For t ∈ [0, T ) and u ∈ Ot(M), let Hi(t, u) be the ∇t-horizontal lift of uei and
(Vα,β(u))
d
α,β=1 the canonical vertical vector fields. Let (Bt)t≥0 be a standard Rd-valued Brown-
ian motion on a complete filtered probability space (Ω, {Ft}t≥0,P). In this situation, Arnaudon,
Coulibaly and Thalmaier [1] constructed the horizontal Brownian motion on F(M) by solving
the following Stratonovich SDE
dut =
√
2
d∑
i=1
Hi(t, ut) ◦ dBit −
1
2
d∑
α,β=1
Gα,β(t, ut)Vαβ(ut)dt,
us0 ∈ Os0(M),pus0 = x,
where Gα,β(t, ut) := ∂tgt(uteα, uteβ), α, β = 1, 2, · · · , d. They have shown that the drift term
in the equality is essential to ensure ut ∈ Ot(M) for all t ∈ [0, T ). Moreover, this process is
non-explosive up to T since gt is the complete backward Ricci flow (see [7, Theorem 1]). The
gt-Brownian motion is then defined by Xt = put. For a given reference point (L-base) (o, 0),
o ∈M , define the radius function
Q(x, t) := Q(o, 0;x, t), for x ∈M
as the L-distance between (x, t) and (o, 0). If Q is smooth, then by the Itoˆ formula, we have
Q(Xt, t) = Q(x, s0) +
√
2
∫ t
s0
〈∇t1Q(Xs, s), usdBs〉s + ∫ t
s0
[∆sQ+ ∂sQ] (Xs, s)ds, t ≥ s0,
where 〈·, ·〉s := gs(·, ·). However, in general, Q is not smooth on whole manifold, so that it is
even not clear whether Q(Xt, t) is a semimartingale. The purpose of this paper is to prove that
Q(Xt, t) is indeed a semimartingale and establish the Itoˆ formula for it.
We would like to indicate that when the metric is independent of t, the semimartingale
property for the radial part of the Brownian motion w.r.t. Riemannian distance was first proved
by Kendall [6], which is fundamental to analyze the Brownian motion on a Riemannian mani-
fold. Especially, Kendall’s Itoˆ formula was applied to the construction of coupling processes on
manifolds (see [14, Chapter 2]). For the time-inhomogeneous case, Kuwada and Philipowski [7]
shows that the radial part of Brownian motion ρt(o,Xt), the Riemannian distance from o to Xt
w.r.t. gt, is a semimartingale, which is applied to the non-explosion of the gt-Brownian motion.
See [8] for more discussions in this direction.
By using an approximation approach to the L-cut-locus, we are able to extend Kendall’s Itoˆ
formula to the gt-Brownian motion as follows.
Theorem 1.1. Let Xt be a gt-Brownian motion starting at time s0 ∈ (0, T ). Then there exists
a non-decreasing continuous process L which increases only when (Xt, t) ∈ LCut((o, 0)) such
that
dQ(Xt, t) =
√
2
〈∇t1Q(Xt, t), dBt〉t + [∆tQ+ ∂tQ] (Xt, t)dt− dLt, t ∈ (s0, T ), (1.2)
where ∇t1Q(·, t) and ∆tQ(·, t) are defined to be zero where Q(·, t) fails to be differentiable. In
particular, Q(Xt, t) is semimartingale.
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As an application, we will construct a coupling of gτ¯1t- and gτ¯2t-Brownian motions by parallel
displacement, where 0 < τ¯1 ≤ τ¯2 < T and 0 < s ≤ t < T/τ¯2. It is well-known that the coupling
method is a useful tool both in stochastic analysis and geometric analysis. We will use this
tool to obtain the martingale property of Q(Xτ¯1t, τ¯1t; X˜τ¯2t, τ¯2t). We would like to point out that
very recently, Kuwada and Philipowski [8] constructed a coupling via approximation by geodesic
random work, and applied it to proving the monotonicity of the normalized L-transportation
cost between solutions of the heat equation. Here, we present an alternative construction such
that a large number of estimates presented in [8] are avoided. When gt is independent of t, our
construction is due to to Wang [14].
The rest parts of the paper is organized as follows. In Section 2, we introduce the L-cut-
locus, and some properties of it. In Section 3, we prove Theorem 1.1. In the final section, we
construct a coupling of gτ¯1t- and gτ¯2t-Brownian motions by parallel displacement, which leads
to a new proof of the normalized L-transportation cost inequality introduced by Topping [13].
For readers’ convenience, we will take the same notations as in [13].
2 Definition and properties of L-cut-locus
Recall that {gτ}τ∈[0,T ) is a complete backwards Ricci flow. Let
Υ = {(x, τ1; y, τ2) | x, y ∈M and 0 ≤ τ1 < τ2 < T}.
Similar to the Riemannian distance, in general, Q fails to be smooth on some subset LCut defined
as follows. For τ1, τ2 ∈ [0, T ) with τ1 < τ2, x ∈ M and Z ∈ TxM , we define the L-exponential
map Lτ1,τ2 expx : TxM → M by Lτ1,τ2 expx(Z) = γ(τ2), where γ is a unique L-geodesic (see
Remark 4.2) starting from x at time τ1 with the initial condition limτ↓τ1
√
τ γ˙(τ) = Z. Note
that the L-geodesic also induces a notation of L-Jacobi fields (see e.g. [4, Chapter 7]). It is
convenient to define
Ω(x, τ1; τ2) =
{
Z ∈ TxM
∣∣∣∣ γ : [τ1, τ2]→M defined by γ(τ) = Lτ1,τ expx(Z)
is a unique minimising L-geodesic
}
.
Let
Ω∗(x, τ1;T ) :=
⋂
τ2∈(τ1,T )
Ω(x, τ1; τ2).
For any Z ∈ TxM \ Ω∗(x, τ1;T ), let τ¯(x, τ1;Z) = sup{τ ∈ (τ1, T ) | Z ∈ Ω(x, τ1; τ)}. Then, the
L-cut-locus is defined as follows:
LCut =
{
(x, τ1; y, τ
′)
∣∣∣∣∣
x ∈M, τ1 ∈ [0, T );
y = Lτ1,τ ′ expx(Z) for some Z ∈ TxM \ Ω∗(x, τ1;T );
τ ′ = τ¯(x, τ1;Z) ∈ [τ1, T )
}
.
Let
LCut((x, τ1)) = {(y, τ2) ∈M × (τ1, T ) | (x, τ1; y, τ2) ∈ LCut}.
The set LCut can be decomposed into two parts: the first consists of points (x, τ1; y, τ2) such that
there exists more than one minimizing L-geodesic γ : [τ1, τ2]→M with γ(τ1) = x and γ(τ2) = y,
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and the second is the set of points (x, τ1; y, τ2) such that y is conjugate to x (with respect to
L-Jacobi fields) along a minimizing L-geodesic γ : [τ1, τ2]→M with γ(τ1) = x, γ(τ2) = y.
The following important properties about the L-cut-locus and Q can be found in [4, Lemma
7.27] and [15, lemma 2.14].
Proposition 2.1. (1) The two sets LCut and LCut((o, 0)) are closed of measure zero in Υ
and M × [0, T ) respectively. Moreover, for any t ∈ [0, T ), the set
LCutt(o) := {x ∈M : (x, t) ∈ LCut((o, 0))}
is of measure zero in M .
(2) The function Q is smooth on Υ\LCut.
(3) If we associate to each point (x, τ1; y, τ2) ∈ Υ\LCut the vector Z ∈ Ω(x, τ1; τ2) ∈ TxM for
which Lτ1,τ2 expx(Z) = y, then Z depends smoothly on (x, τ1, y, τ2).
(4) On Υ\LCut, we have
∂Q
∂τ1
(x, τ1; y, τ2) =
√
τ1
(|γ˙(τ1)|2τ1 −R(x, τ1)) ;∇τ11 Q(x, τ1; y, τ2) = −2√τ1γ˙(τ1);
∂Q
∂τ2
(x, τ1; y, τ2) =
√
τ2
(|γ˙(τ2)|2τ2 −R(x, τ2)) ;∇τ22 Q(x, τ1; y, τ2) = 2√τ2γ˙(τ2),
where γ : [τ1, τ2] → M is the minimizing L-geodesic from x to y and ∇τ11 (resp. ∇τ22 )
denotes the gradient with respect to the variable x (resp. the variable y) by using the
metric gτ1 (resp. gτ2).
Since (Xt) is generated by a non-degenerated operator, the following is a direct consequence
of Proposition 2.1(1).
Lemma 2.2. Suppose Xt is a gt-Brownian motion starting at time s0 ∈ (0, T ). The set {t ∈
[s0, T ) | (Xt, t) ∈ LCut((o, 0))} has Lebesgue measure zero almost surely.
Proof. According to [7, Lemma 2], for any starting point x ∈ M , the law of Xt under Px
is absolutely continuous with respect to the gt-Riemannian volume measure. Moreover, by
Proposition 2.1(1), LCutt(o) measures zero, we have
Ex
[∫ T
s0
1{(Xt,t)∈LCut((o,0))}dt
]
=
∫ T
s0
Px((Xt, t) ∈ LCut(o, 0))dt =
∫ T
s0
Px(Xt ∈ LCutt(o))dt = 0,
it follows that
∫ T
s0
1{(Xt,t)∈LCut(o,0)}dt = 0, a.s..
3 Proof of Theorem 1.1
Since Xt is non-explosive before the life time of the metric family, by a localization argument,
it is sufficient to consider the case of compact M . Thus, in this section, we assume that M is
compact and [0, T ] is a finite interval. We first state the Itoˆ formula for smooth functions.
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Lemma 3.1. Suppose Xt is a gt-Brownian motion starting at time s0 ∈ (0, T ). Let f be a
smooth function on M × [s0, T ]. Then,
df(Xt, t) =
∂f
∂t
(Xt, t)dt+ ∆tf(Xt, t)dt+
√
2
d∑
i=1
uteif(Xt, t)dB
i
t, s0 < t ≤ T.
According to Proposition 2.1(2) and Lemma 3.1, we see that, if (Xt, t) stays away from the
L-cut-locus of (o, 0), then
dQ(Xt, t) = dβt +
[
∆tQ+
∂Q
∂t
]
(Xt, t)dt, t ∈ [s0, T ], (3.1)
where βt is the martingale term given by
dβt :=
√
2
d∑
i=1
(usei)Q(Xt, t)dB
i
t.
By Proposition 2.1(4), the quadratic variation of the martingale βt is computed as follows
d 〈β〉t = 2
d∑
i=1
[(utei)Q(Xt, t)]
2dt = 2|∇t1Q(Xt, t)|2tdt = 8t|γ˙(t)|2tdt,
where γ : [0, t] → M is the minimal L-geodesic from o to Xt and | · |t :=
√〈·, ·〉t. Thus, βt can
be represented by
2
√
2t|γ˙(t)|tdbt, (3.2)
where bt is a standard one-dimensional Brownian motion. We will explain in Remark 4.2 that
the coefficient 2
√
2t|γ˙(t)|t is not a constant, which is different from the fixed metric case.
Next, to control the drift term of (3.1), we need the comparison theorem, which is a combi-
nation of the following two lemmas (see [4, Lemma 7.45] and [4, Lemma 7.13]).
Lemma 3.2 ([4]). For 0 ≤ τ1 < τ2 ≤ T , let γ : [τ1, τ2]→M be a minimal L-geodesic from p to
q. At (q, τ2) the L-distance satisfies
∂
∂τ2
Q(p, τ1; q, τ2) + ∆τ2Q(p, τ1; ·, τ2)(q) ≤
d√
τ2 −√τ1 −
1
2(τ2 − τ1)Q(p, τ1; q, τ2).
Since M is compact, there exists some constant C0 <∞ such that
max
(x,τ)∈M×[0,T ]
|Rmτ |(x) ∨ |Ricτ |(x) ≤ C0. (3.3)
We obtain the lower bound for Q from (3.3).
Lemma 3.3 ([4]). For 0 ≤ τ1 < τ2 ≤ T , let γ : [τ1, τ2]→M be a minimal L-geodesic. Then,
Q(γ(τ1), τ1; γ(τ2), τ2) ≥ e
−2C0(τ2−τ1)
2(
√
τ2 −√τ1)ρτ1(γ(τ1), γ(τ2))
2−2
3
dC0(τ
3/2
2 − τ3/21 ).
5
By Lemmas 3.2 and 3.3, we have, for (x, t) /∈ LCut((o, 0)),
∂
∂t
Q(x, t) + ∆tQ(x, t) ≤ d√
t
− 1
2t
Q(x, t) ≤ d√
t
+
1
2t
Q(x, t)− ≤ d√
t
+
dC0
3t
t3/2.
Define V (t) := 4d√
t
+ dC02
√
t. It is easy to see that
∂
∂t
Q(x, t) + ∆tQ(x, t) ≤ V (t). (3.4)
Now, we turn to construct a closed set such that it is disjoint with LCut. To this end, we
consider the product manifold M × [0, T ] equipped with metric ~g: for x ∈M and t ∈ [0, T ],
~g(X,Y )(x, t) := gt(X,Y ); ~g
(
X,
d
dt
)
:= 0; ~g
(
d
dt
,
d
dt
)
:= 1, X, Y ∈ TxM.
Given a path γ : [τ1, τ2]→M with [τ1, τ2] ⊂ [0, T ] and γ(τ1) = x, γ(τ2) = y. The length of the
graph γ˜ : [τ1, τ2]→M × [0, T ], defined by γ˜(τ) := (γ(τ), τ), is given by
L~g(γ˜) =
∫ τ2
τ1
∣∣∣∣dγ˜dτ
∣∣∣∣
~g
dτ =
∫ τ2
τ1
√∣∣∣∣dγdτ
∣∣∣∣2
τ
+ 1 dτ,
where | · |~g is the norm w.r.t. the metric ~g. Then the distance between (x, τ1) and (y, τ2) can be
defined as before, namely,
d~g(x, τ1; y, τ2) := inf
γ˜
L~g(γ˜).
Let us define a set A by
A =
{
(y, τ1; z, τ2) ∈ Υ
∣∣∣∣∣
y, z ∈M, τ2 ∈ [s0, T );
τ1 = τ2/2;
Q(y, τ1; z, τ2) +Q(y, τ1) = Q(z, τ2)
}
.
Note that A is closed and hence compact since Q(y, τ1; z, τ2) is continuous in (y, τ1, z, τ2). More-
over, for any (y, τ1; z, τ2) ∈ A, the point (y, τ1) is on a minimal L-geodesic joining (o, 0) and
(z, τ2). In particular, the symmetry of the L-cut-locus implies that
A ∩ LCut = ∅.
Combining this with Proposition 2.1 (1), we obtain
δ1 := d~g ⊗ d~g(A,LCut) > 0,
where d~g ⊗ d~g is a metric on Υ2.
The following lemma is essential to the proof of Theorem 1.1.
Lemma 3.4. Let (x0, t0) ∈ LCut((o, 0)) and δ ∈ (0, δ1). Let (Xt) be the gt-Brownian motion
starting from x0 at time t0. Let T˜ = T ∧ inf{t ≥ t0|d~g(x0, t0;Xt, t) = δ}. Then
E
[
Q(Xt∧T˜ , t ∧ T˜ )−Q(x0, t0)−
∫ T˜∧t
t0
V (s)ds
]
≤ 0.
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Proof. We construct a point o˜ as follows: we choose a minimizing L-geodesic γ from (o, 0) to
(x0, t0) and choose (o˜, t˜) on γ˜ such that t˜ = t0/2. Then by the construction of A, we have
(o˜, t˜;x0, t0) ∈ A. Moreover, for all t ∈ [t0, T˜ ], we have
d~g ⊗ d~g((o˜, t˜;x0, t0), (o˜, t˜;Xt, t)) = d~g((x0, t0), (Xt, t)) < δ1,
which implies (Xt, t) /∈ LCut((o˜, t˜)). Let
Q+(x, t) = Q(o, 0; o˜, t˜) +Q(o˜, t˜;x, t).
Since o˜ lies on a minimizing L-geodesic from (o, 0) to (x0, t0), we have Q+(x0, t0) = Q(x0, t0).
Moreover, by the triangle inequality,
Q+(x, t) ≥ Q(x, t), for all (x, t) ∈M × [0, T ].
According to Lemmas 3.2 and 3.3,(
∆tQ
+ +
∂Q+
∂t
)
(x, t) ≤ d√
t−√t0/2 + dC03(t− t0/2) [t3/2 − (t0/2)3/2] ≤ 4d√t + dC02 √t = V (t)
holds if (o˜, t˜;x, t) /∈ LCut. Then,
Q(Xt∧T˜ , t ∧ T˜ )−Q(Xt0 , t0)−
∫ t∧T˜
t0
V (s)ds
≤ Q+(Xt∧T˜ , t ∧ T˜ )−Q+(Xt0 , t0)−
∫ t∧T˜
t0
V (s)ds
≤ Q+(Xt∧T˜ , t ∧ T˜ )−Q+(Xt0 , t0)−
∫ t∧T˜
t0
(
∆sQ
+ +
∂
∂s
Q+
)
(Xs, s)ds.
Since Q+ is smooth at (Xt, t) for t ∈ [t0, T˜ ], the last term is a martingale. Hence the claim
follows.
For δ ∈ (0, δ1), we define a sequence of stopping times (Sδn)n∈N and (T δn)n∈N
T δ0 := s0;
Sδn := {t ≥ T δn−1|(Xt, t) ∈ LCut((o, 0))};
T δn := T ∧ inf{t ≥ Sδn | d~g(Xt, t;XSδn , Sδn) = δ}.
Note that these are well-defined because LCut and
{(x, t) | d~g(x, t; y, s) = δ, s0 ≤ s ≤ t ≤ T, y ∈M}
are closed.
Lemma 3.5. The process Q(Xt, t)−
∫ t
s0
V (s)ds is a supermartingale.
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Proof. Due to the strong Markov property of the gt-Brownian motion, it suffices to show that
for all deterministic starting point (x0, t0) ∈M × [s0, T ] and all t ∈ [s0, T ],
E
[
Q(Xt, t)−Q(Xt0 , t0)−
∫ t
t0
V (s)ds
]
≤ 0.
We first observe from Lemma 3.4 and (3.1) that for all n ∈ N,
E
[
Q(Xt∧Sδn , t ∧ Sδn)−Q(Xt∧T δn−1 , t ∧ T
δ
n−1)−
∫ t∧Sδn
t∧T δn−1
V (s)ds
∣∣∣∣FT δn−1
]
≤ 0,
and
E
[
Q(Xt∧T δn , t ∧ T δn)−Q(Xt∧Sδn , t ∧ Sδn)−
∫ t∧T δn
t∧Sδn
V (s)ds
∣∣∣∣FSδn
]
≤ 0.
It remains to show that Tn → T as n→∞. If
lim
n→∞Tn =: T∞ < T,
then T δn − Sδn converges to 0 as n → ∞. In addition, d~g(XSδn , Sδn;XT δn , T δn) = δ must hold for
infinitely many n ∈ N. It contradicts to the fact that Xt is uniformly continuous on [0, T ].
Lemma 3.6. limδ→0
∑∞
n=1 |T δn − Sδn| = 0 almost surely.
Proof. For δ > 0, define
Eδ = {t ∈ [s0, T ] | there exist t′ ∈ [s0, T ] satisfying |t− t′| ≤ δ and (Xt′ , t′) ∈ LCut((o, 0))},
E = {t ∈ [s0, T ] | (Xt, t) ∈ LCut((o, 0))}.
Since the map t → (Xt, t) is continuous and LCut is closed, the set E is closed and hence
E =
⋂
δ>0Eδ holds. By the definitions of S
δ
n and T
δ
n ,
E ⊂
∞⋃
n=1
[Sδn, T
δ
n ] ⊂ Eδ,
which, together with the monotone convergence theorem, implies
lim
δ→0
∞∑
n=1
|T δn − Sδn| ≤ lim
δ→0
∫ T
s0
1Eδ(t)dt =
∫ T
s0
1E(t)dt = 0, a.e.,
where the last equality comes from Proposition 2.1(1).
Lemma 3.7. The martingale part of Q(Xt, t) is
〈∇t1Q(Xt, t), utdBt〉t = d∑
i=1
uteiQ(Xt, t)dB
i
t.
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Proof. By the martingale representation theorem, there exists an Rd-valued process η such that
the martingale part of Q(Xt, t) equals to
∫ t
0 ηsdBs. Let
Nt :=
∫ t
s0
ηsdBs −
d∑
i=1
(utei)Q(Xt, t)dB
i
t.
Using the stopping times Sδn and T
δ
n , the quadratic variation 〈N〉T of N is expressed as follows:
〈N〉T =
d∑
i=1
∞∑
n=1
(∫ Sδn∧T
T δn−1∧T
|ηit − (utei)Q(Xt, t)|2dt+
∫ T δn∧T
Sδn∧T
|ηit − (utei)Q(Xt, t)|2dt
)
.
Since (Xt, t) /∈ LCut((o, 0)) if t ∈ (T δn−1, Sδn), the Itoˆ formula yields∫ Sδn∧T
T δn−1∧T
|ηit − (utei)Q(Xt, t)|2dt = 0
for n ∈ N and i = 1, 2, · · · , d. For the second term on the right, since the manifold is compact,
there exits a constant C > 0, such that
d∑
i=1
∞∑
n=1
∫ T δn∧T
Sδn∧T
|ηit − uteiQ(Xt, t)|2dt ≤
∫
⋃∞
n=1[S
δ
n,T
δ
n]
(|ηt|2 + 4|tγ˙(t)|2t )dt
≤
∫
⋃∞
n=1[S
δ
n,T
δ
n]
(|ηt|2 + C)dt.
Since ηt is locally square-integrable on [s0, T ] almost surely, we obtain 〈N〉T = 0 by Lemma 3.6,
which yields the conclusion.
Proof of Theorem 1.1. Now, we can conclude the proof of Theorem 1.1. Set Iδ :=
⋃∞
n=1[S
δ
n, T
δ
n ].
Let
Lδt :=−Q(Xt, t) +Q(Xs0 , s0) +
d∑
i=1
∫ t
s0
(usei)Q(Xs, s)dB
i
s
+
∫
[s0,t]\Iδ
[
∆sQ+
∂Q
∂s
]
(Xs, s)ds+
∫
[s0,t]∩Iδ
V (s)ds.
By (3.1), Lδt is a increasing process which increases only when t ∈ Iδ. Moreover, we have
Q(Xt, t)−Q(Xs0 , s0)−
d∑
i=1
∫ t
s0
(usei)Q(Xs, s)dB
i
s −
∫ t
s0
[
∆sQ+
∂Q
∂s
]
(Xs, s)ds+ L
δ
t
=−
∫
[s0,t]\Iδ
[
∆sQ+
∂Q
∂s
]
(Xs, s)ds−
∫
[s0,t]∩Iδ
V (s)ds. (3.5)
From (3.4), we obtain∣∣∣∣∣
∫
[s0,t]\Iδ
[
∆sQ+
∂Q
∂s
]
(Xs, s)ds+
∫
[s0,t]∩Iδ
V (s)ds
∣∣∣∣∣ ≤ 2
∫
[s0,t]∩Iδ
V (s)ds,
and V (s) is bounded on [s0, t] ∩ Iδ. Then by Lemma 3.6, the right hand of (3.5) converges
to 0 as δ → 0. Thus, Lt := limδ↓0 Lδt exists for all t ∈ [s0, T ] almost surely and hence (1.2)
holds. Finally, it is easy to see that Lt increases only when (Xt, t) ∈ LCut((o, 0)) from the
corresponding property of Lδt .
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4 Coupling for gτ¯1t- and gτ¯2t- Brownian motions
First, we introduce some basic notations concerning the space-time parallel displacement.
Definition 4.1 (space-time parallel vector field). For 0 < τ1 < τ2 < T , let γ : [τ1, τ2] → M be
a smooth curve. We say that a vector field Z along γ is space-time parallel if
∇τγ˙(γ)Z(τ) = −Ric]τ (Z(τ)) (4.1)
holds for all τ ∈ [τ1, τ2], where Ric]τ is defined by regarding the gτ -Ricci curvature as a (1, 1)-
tensor.
Since (4.1) is a linear first order ODE, for any ξ ∈ Tγ(τ1)M , there exists a unique space-time
parallel vector field Z along γ with Z(τ1) = ξ. Note that whenever Z and Z
′ are space-time
parallel vector fields along a curve γ, their gτ -inner product is constant in τ :
d
dτ
〈
Z(τ), Z ′(τ)
〉
τ
=
∂
∂τ
gτ (Z(τ), Z
′(τ)) +
〈
∇τγ˙(τ)Z(τ), Z ′(τ)
〉
τ
+
〈
Z(τ),∇τγ˙(τ)Z ′(τ)
〉
τ
= 2Ricτ (Z(τ), Z
′(τ))− Ricτ (Z(τ), Z ′(τ))− Ricτ (Z(τ), Z ′(τ))
= 0. (4.2)
Remark 4.2. The minimal L-geodesic γ = γt1,t2x,y of Q(x, t1; y, t2) satisfies the L-geodesic equa-
tion
∇tγ˙(t)γ˙(t) =
1
2
∇tRt − 2Ric]t(γ˙(t))−
1
2t
γ˙(t).
Therefore,
√
tγ˙(t) is not space-time parallel to γ in general and their gt-inner product is not a
constant in t, i.e.
√
tγ˙(t) does not satisfy (4.1). Therefore the coefficient in the martingale part
of (3.2) is not constant, which is different from the case when the metric is independent of t.
Definition 4.3 (space-time parallel transport). For x, y ∈ M and 0 < τ1 < τ2 ≤ T , we define
a map P τ1,τ2x,y : TxM → TyM as follows: P τ1τ2x,y (ξ) := Z(τ2), where Z is the unique space-time
parallel vector field along γτ1τ2x,y with Z(τ1) = ξ. As explained in (4.2), P
τ1,τ2
x,y is an isometry from
(TxM, gτ1) to (TyM, gτ2). In addition, it smoothly depends on (x, τ1, y, τ2) outside the L-cut
locus.
Using the Itoˆ formula for Q(Xt, t) presented in Theorem 1.1, we are able to construct a
parallel coupling of gτ¯1t- and gτ¯2t-Brownian motions.
Theorem 4.4. Let x 6= y and 0 < τ¯1 < τ¯2 < T be fixed. For any s > 0, there exist two
Brownian motions Bt and B˜t on a completed filtered probability space (Ω, {Ft}t≥0,P) such that
for all t ∈ [s, T/τ¯2),
1{(Xt,τ¯1t;X˜t,τ¯2t)/∈LCut}dB˜t = 1{(Xt,τ¯1t;X˜t,τ¯2t)/∈LCut}(u˜t)
−1P τ¯1t,τ¯2t
Xt,X˜t
utdBt
holds, where Xt with lift ut and X˜t with lift u˜t solve the equation{
dXt =
√
2τ¯1ut ◦ dBt, Xs = x;
dX˜t =
√
2τ¯2u˜t ◦ dB˜t, X˜s = y.
(4.3)
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Moreover,
dQ(Xt, τ¯1t; X˜t, τ¯2t) ≤2
√
2t
∣∣∣τ¯1P τ¯1t,τ¯2tXt,X˜t γ˙(τ¯1t)− τ¯2γ˙(τ¯2t)∣∣∣τ¯2t dbt
+
(
d√
t
(
√
τ¯1 −
√
τ¯2)− 1
2t
Q(τ¯1t,Xt; τ¯2t, X˜t)
)
dt, (4.4)
where γ : [τ¯1t, τ¯2t]→M is the L-geodesic from Xt to X˜t.
Proof. We denote Q(t, x, y) := Q(x, τ¯1t; y, τ¯2t) for simplicity. Our proof is divided into two parts.
(a) First, we give the construction of the couplings. Recall that ut, the horizontal lift of Xt,
satisfies the following SDE
dut =
√
2τ¯1
d∑
i=1
Hi(τ¯1t, ut) ◦ dBit −
1
2
τ¯1
∑
α,β
Gα,β(τ¯1t, ut)Vαβ(ut)dt,
us ∈ Oτ¯1s(M), pus = x.
Now, for given x 6= y with (x, τ¯1t; y, τ¯2t) /∈ LCut, let γ be the minimal geodesic from x to y.
Recall that P τ¯1t,τ¯2tx,y are the parallel operators. To get rid of the trouble that P
τ¯1t,τ¯2t
x,y does not
exist on LCut, we modify this operator so that it vanishes in a neighborhood of this set. To this
end, for any n ≥ 1 and ε ∈ (0, 1), let hn,ε ∈ C∞([s, T/τ¯2)×M ×M) such that
0 ≤ hn,ε ≤ (1− ε), hn,ε|C2n = 0, hn,ε|Ccn = 1− ε,
where Cn = {(t, x, y) ∈ [s, T/τ¯2)×M ×M : d~g ⊗ d~g((x, τ¯1t; y, τ¯2t),LCut) ≤ 1/n}. Let u˜n,εt and
X˜n,εt := pu˜
n,ε
t solve the SDE
du˜n,εt =
√
2τ¯2hn,ε(t,Xt, X˜
n,ε
t )
d∑
i=1
Hi(τ¯2t, u˜
n,ε
t ) ◦ dB˜it −
1
2
τ¯2
∑
α,β
Gα,β(τ¯2t, u˜n,εt )Vαβ(u˜n,εt )dt
+
√
2τ¯2[1− (hn,ε)2(t,Xt, X˜n,εt )]
d∑
i=1
Hi(τ¯2t, u˜
n,ε
t ) ◦ dB′ti,
u˜n,εs ∈ Oτ¯2s(M), pu˜n,εs = y,
(4.5)
where B′t is a Brownian motion on Rd independent of Bt, and dB˜t = (u˜
n,ε
t )
−1
P τ¯1t,τ¯2t
Xt,X˜
n,ε
t
utdBt.
Since the coefficients involved in (4.5) are at least C1, the solution u˜n,εt exists uniquely.
Let us observe that (ut, u˜
n,ε
t ) is generated by
Ln,εO(M×M)(t)(ut, u˜
n,ε
t )
:= τ¯1∆Oτ¯1t(M)(ut) + τ¯2∆Oτ¯2t(M)(u˜
n,ε
t )
+
√
τ¯1τ¯2hn,ε(t,Xt, X˜
n,ε
t )
d∑
i,j=1
〈
P τ¯1t,τ¯2t
Xt,X˜
n,ε
t
utei, u˜
n,ε
t ej
〉
τ¯2t
H(τ¯1t, ut)H(τ¯2t, u˜
n,ε
t )
− 1
2
τ¯1
∑
α,β
Gα,β(τ¯1t, ut)Vαβ(ut)dt− 1
2
τ¯2
∑
α,β
Gα,β(τ¯2t, u˜n,εt )Vαβ(u˜n,εt )dt.
Next, let
Ln,εM×M (t)(x, y) :=τ¯1∆τ¯1t(x) + τ¯2∆τ¯2t(y) +
√
τ¯1τ¯2hn,ε(t, x, y)
d∑
i,j=1
〈
P τ¯1t,τ¯2tx,y Vi,Wj
〉
τ¯2t
ViWj ,
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where {Vi} and {Wi} are orthonormal bases at x and y with respect to the metrics gτ¯1t and
gτ¯2t respectively. It is easy to see that (Xt, X˜
n,ε
t ) := (put,pu˜
n,ε
t ) is generated by L
n,ε
M×M (t) and
hence is a coupling of gτ¯1t- and gτ¯2t-Brownian motions, as the marginal operators of L
n,ε
M×M (t)
coincide with τ¯1∆τ¯1t and τ¯2∆τ¯2t respectively.
Since in some neighborhood of LCut, the coupling is independent and hence behaves as a
Brownian motion on M ×M , we obtain from Theorem 1.1 that
dQ(t,Xt, X˜
n,ε
t ) =
√
8t
∣∣∣τ¯1P τ¯1t,τ¯2tXt,X˜n,εt γ˙n,ε(τ¯1t)− τ¯2hn,εγ˙n,ε(τ¯2t)∣∣∣2τ¯2t + 8t(1− h2n,ε)τ¯22 |γ˙n,ε(τ¯2t)|2τ¯2t dbn,εt
+
{
∂Q
∂t
+ 1(Υ\LCut)[hn,εI + (1− hn,ε)S]
}
(t,Xt, X˜
n,ε
t )dt− dln,εt ,
where γn,ε : [τ¯1t, τ¯2t]→M is the L-geodesic fromXt to X˜n,εt , bn,εt is an one-dimensional Brownian
motion, ln,εt is an increasing process which increases only when (Xt, τ¯1t; X˜
n,ε
t , τ¯2t) ∈ LCut, and
S(t, x, y) := τ¯1∆τ¯1tQ(t, ·, y)(x) + τ¯2∆τ¯2tQ(t, x, ·)(y);
I(t, x, y) :=
d∑
i=1
(
√
τ¯1Vi +
√
τ¯2P
τ¯1t,τ¯2t
x,y Vi)
2Q(t, x, y).
Then, let P(x,y)n,ε be the distribution of (Xt, X˜n,εt ), which is a probability measure on the path
space MTx ×MTy , where
MTx := {γ ∈ C([s, T/τ¯2),M) : γs = x}
is equipped with the σ-field F Tx induced by all measurable cylindric functions. Note that
(MTx ,F
T
x ) is metrizable with the distance
ρ˜(ξ, η) :=
∞∑
n=1
2−n
(
1 ∧ sup
t∈[n,(n+t)∧T/τ¯2)
d~g(τ¯1t, ξt; τ¯2t, ηt)
)
.
Furthermore, (MTx , ρ˜) is a Polish space. Then M
T
x ×MTy is a Polish space too. It is easy to see
that {Px,yn,ε : n ≥ 1, ε > 0} is tight (see [12, Lemma 4]), since they are the couplings of Px and Py.
We take nk →∞ and εl → 0 such that Px,ynk,εl converges weakly to some Px,yεl (l ≥ 1) as k →∞
while Px,yεl converges weakly to some Px,y as l→∞. Then Px,y is also a coupling of Px and Py.
Now, let (Xt, X˜t) be the coordinate process in (M
T
x ×MTy ,F Tx ×F Ty ) and {Ft}t≥s be the
natural filtration. Define
L˜(t)(x, y) := τ¯1∆τ¯1t(x) + τ¯2∆τ¯2t(y) + 1(Υ\LCut)(x, τ¯1t; y, τ¯2t)
d∑
i,j=1
〈
P τ¯1t,τ¯2tx,y Vi,Wj
〉
τ¯2t
ViWj ,
It is trivial to see that Px,y solves the martingale problem for L˜(t) up to T/τ¯2 (see [2, Theorem
2]), i.e.
f(Xt, X˜t)−
∫ t
0
L˜(s)f(Xs, X˜s)ds
is a Px,y-martingale w.r.t. F . Then (Xt, X˜t) under Px,y is a coupling of the gτ¯1t- and gτ¯2t-
Brownian motions starting from (x, y), i.e. the solution of (4.3).
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(b) We first claim that the two sets
{t ∈ [s, T/τ¯2) | (Xt, τ¯1t; X˜n,εt , τ¯2t) ∈ LCut} and {t ∈ [s, T/τ¯2) | (Xt, τ¯1t; X˜εt , τ¯2t) ∈ LCut}
have Lebesgue measure zero almost surely. This assertion can be checked similarly as in
Lemma 2.2 by observing that Ln,εM×M (t) is strictly elliptic and all the coefficients are C
∞, then
Px,y((Xt, X˜n,εt ) ∈ A) has a density pn,εt (x, y; z, w) with respect to the product volume measure
dvolτ¯1t⊗dvolτ¯2t (see [5, Theorem 3.16]), where dvolt is the volume measure w.r.t. the metric gt.
Then, for f ∈ C2(R) with f ′ ≥ 0 be fixed, let
dNt(f) =df ◦Q(t,Xt, X˜t)−
[(
I +
∂Q
∂t
)
f ′ ◦Q(t,Xt, X˜t)
+ 4t
∣∣∣τ¯1P τ¯1t,τ¯2tXt,X˜t γ˙(τ¯1t)− τ¯2γ˙(τ¯2t)∣∣∣2τ¯2t f ′′ ◦Q(t,Xt, X˜t)
]
dt, t ∈ [s, T/τ¯2).
With a similar discussion as in the proof of [3](b), we obtain Nt∧(T/τ¯2) is a Px,y-supmartingale.
In particular, by taking explicit f(r) = r, we have
dQ(t,Xt, X˜t) = dMt +
(
I +
∂Q
∂t
)
(t,Xt, X˜t)dt− dlt, t ∈ [s, T/τ¯2), (4.6)
where Mt is a local martingale and lt is a predictable increasing process. By the second variation
formula of the L-functional (see [4, Lemma 7.37 and Lemma 7.40] for instance),
∂
∂t
Q(t, x, y)+
d∑
i=1
(
√
τ¯1Vi+
√
τ¯2P
τ¯1t,τ¯2t
x,y Vi)
2Q(t, x, y) ≤ d√
t
(
√
τ¯1−
√
τ¯2)− 1
2t
Q(t, x, y) =: J(t, x, y).
It follows that
dQ(t,Xt, X˜t) = dMt + J(t,Xt, X˜t)dt− dl˜t, t ∈ [s, T/τ¯2), (4.7)
where l˜t is a larger predictable increasing process. Moreover, with a similar discussion as in the
proof of [14, Theorem 2.1.1](d), we further obtain
dMt = 2
√
2t
∣∣∣τ¯1P τ¯1t,τ¯2tXt,X˜t γ˙(τ¯1t)− τ¯2γ˙(τ¯2t)∣∣∣τ¯2t dbt,
which leads to complete the proof.
As an important application, we give a new proof of Topping’s result [13], i.e. the contraction
in the normalized L-transportation cost. We point out that this result recovers the monotonicity
of Perelman’s monotonic quantities (involving bothW-entropy and L-length), which are central
in his work on Ricci flow (see [9, 10, 11]).
Suppose that {Ps,t}0<s<t<T/τ¯2 and {Ts,t}0<s<t<T/τ¯2 be the Markov inhomogeneous semigroup
of the gτ¯1t-Brownian motion and gτ¯2t-Brownian motion respectively. To the L-distance Q, we
associate the Monge-Kantorovich minimization between two probability measures on M ,
WL(µ, t1; ν, t2) = inf
η∈C (µ,ν)
∫
M×M
Q(x, t1; y, t2)dη(x, y),
where C (µ, ν) is the set of all probability measures on M ×M with marginal µ and ν. Then,
using the coupling constructed in Theorem 4.4, we have
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Theorem 4.5. Assume that M has bounded curvature tensor, i.e.
sup
x∈M,t∈[0,T )
|Rmt|(x) <∞.
Then for 0 < τ¯1 < τ¯2 < T the normalized L-transportation cost
Θ(t, δxPs,t, δyTs,t) := 2(
√
τ¯2t−
√
τ¯1t)W
L(δxPs,t, τ¯1t; δyTs,t, τ¯2t)− 2d(
√
τ¯2t−
√
τ¯1t)
2
is a non-increasing function of t ∈ [s, T/τ¯2), that is
Θ(t, δxPs,t, δyTs,t) ≤ 2(
√
τ¯2s−
√
τ¯1s)Q(x, τ¯1s; y, τ¯2s)− 2d(
√
τ¯2s−
√
τ¯1s)
2.
Proof. By (4.3), there exist two coupled gτ¯1t- and gτ¯2t-Brownian motions (Xt)t∈[s,T/τ¯2) and
(X˜t)t∈[s,T/τ¯2) with initial valuesXs = x and X˜s = y such that the process (Θ(t,Xτ¯1t, X˜τ¯2t))t∈[s,T/τ¯2)
is a supermartingale. Taking the expectation of this supermartingale leads to complete the
proof.
Denote Ps,t(·, dx) := u(τ¯1t, x)dvolτ¯1t and Ts,t(·,dx) := u(τ¯2t, x)dvolτ¯2t. This density u solves
the following heat equation
∂u
∂τ
= ∆τu−Rτu,
where Rτ is the scalar curvature w.r.t. the metric gτ . Hence, the conclusion presented in
Theorem 4.5 is consistent with that in [13].
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